A Formal Treatment of the Barendregt Variable Convention in Rule
Inductions

Extended Abstract

Christian Urban Michael Norrish

Ludwig-Maximilians-University Munich Canberra Research Lab.,
urban@mathematik.uni-muenchen.de National ICT Australia (NICTA)
Michael.Norrish@nicta.com.au

Abstract Both conventions give rise to very slick informal proofs:

Barendregt's variable convention simplifies many informal the_ first convention assumes that the “data structure” over
which the proofs are done is not that of syntax-trees, but

proofs in the\-calculus by allowing the consideration of - ,
only those bound variables that have been suitably chosenOf @-€quivalent lambda-terms (ar-equivalence classes).

Barendregt does not give a formal justification for the vari- 1OWever, the claim to be using-equivalence classes, rather
able convention, which makes it hard to formalise such infor than syntax-trees, is often blurred by statements like [2]:
mal proofs. In this paper we show how a form of the variable  2.1.14. MorAL. Using conventions2.1.12and 2.1.13
convention can be built into the reasoning principles fde ru one can work with\-terms in the naive way.

inductions. We give two examples explaining our technique. ) . .
One advantage of using-equivalence classes is that cap-

Categories and Subject Descriptors F.4.1 [Mathematical ture avoiding substitution can be defined as a total function
Logic]: Lambda-calculus and related systems; |.22%{ satisfying the following four properties [6, 13]:
duction and Theorem Provifigdeduction

General Terms Theory, Verification
= N] = var(b) providedh # a
Keywords Lambda-calculus, nominal logic, POPLmark app(My, Ms)[a := N] = app(M [a := N], M[a := NJ)

(
challenge e lam(b, M)[a := N]| = lam(b, M[a := N])
providedh # a andb ¢ FV(N)

In informal proofs about languages that feature bound vari- The second convention assumes that binders have always
P guag been so chosen that they do not clash with free variables.

ablgs, one often'assumes (explicitly or|mp||qt|y) ratben This avoids having to rename bound variables. When per-
venient conventions about those bound variables. For exam- . . . . i

. ) . ) forming a structural induction, renaming bound variables
ple, in Barendregt’s seminal book [2] about thealculus:

can be handled by switching to inductions on term size,
as done by Homeier [7]. When performing rule inductions,
proofs typically need to be entirely recast, perhaps by prov
ing properties involving iterated substitutions. In eithase,

1. Introduction

2.1.12. WNVENTION. Terms that arex-congruent
are identified. So now we writer.z = \y.y, etcetera.

2.1.13. \ARIABLE CONVENTION. If My,..., M, and particularly the latter, the mechanisation can hardly b
occur in a certain mathematical context (e.g. defini- seen as faithful to the original presentation.

tion, proof), then in these terms all bound variables A typical informal proof making use of both conventions
are chosen to be different from the free variables. is presented in Figure 1.

In this proof, the equational reasoning in the variable-
case (1.1.-1.3.) relies on the fact that substitution isn@fu
tion. In the lambda-case, the reasoning further relies en th
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2.1.16. YBSTITUTION LEMMA.
FV (L), then

If z 2 yandx ¢

PROOF By induction on the structure at/ .
Case 1:M is a variable.
Case 1.1M = z. Then both sides equal
Ny := L] sincez £ y.
Case 1.2M = y. Then both sides equal, for
x ¢ FV(L)impliesL[z :=...] = L.
Case 1.3M = z # z,y. Then both sides equal

Case 2:M = A\z.M,. By the variable convention we m
assume that # x,y andz is not free inN, L. Then by
induction hypothesis

1y

(Az-Mﬂ[ Nlly := L]
= Az.(M[z : ][u L))
= Az.(Miy: ][ [ = LJ])
= (Az.My)[y: L][ N[y := L]}
Case 3:M = M; M, The statement follows again from

the induction hypothesis.

Figure 1. Barendregt's proof of the Substitution Lemma

might not be distinct from the free variables in the inductio
({z,y} U FV (N, L)), and one has to renameaway from
that set in order to move the substitutions around.

The approaches reported in [6, 14, 7, 10] show how to
deal with the first convention in a formal setting, and do so
without having to resort to a nameless de-Bruijn or HOAS-
representation forv-equatedi-terms. They construct data
structures which allow one to writear(a), app (M, M>)
andlem(a, M) to denoten-equated variables, applications
and abstractions. Furthermore, one has the equation

lam(a, M) = lam(b, N) Q)

whenever the corresponding syntax-trees. M " and “Ab. N”
area-equivalent.

One problem when working with name-carryiagequi-
valence classes is that convenient structural induction pr
ciples do not come for “free”, but need to be derived. Such
convenient structural induction principles are derive¢bin

14, 13]. These induction principles are stated in such a way thenM [z := N| = M'[z :=
that they come very close to the convenience of the informal

reasoning using Barendregt’s variable convention. Thestr

ist
Vzrz. P (var(z)) z

Va M N.
My.PMy) AN (Vy.PNy) = P (app(M,N)) z
Vaz M.
z#x N Vy. PMy) = P (lam(z,M)) x
P Mz

(2)
whereP stands for the property to be proved; is the vari-
able over which the induction is done, and the variable
for the contextof the induction. By “the context of an induc-
tion”, we mean all free variables of the induction hypotkesi
except the variable over which the induction is performed. |
case of the substitution lemma, the induction hypothésis
is

Mz := Ny := L] = M[y := L][z :=
with M being the variable over which the induction is done.
So in this case, the contextwould need to be instantiated
with the tuple(z, y, N, L). Then, when one comes to prove
the lambda-case, one can assume in (2) that the binider

P (lam(z, M)) (z,y, M,N)

is fresh w.r.t.(z, y, N, L)—meaning roughly that cannot
be equal tor andy, and thatz cannot be a free variable
in N and L. In effect, one can formalise Barendregt’s slick
informal proof without difficulties.

In this paper we show that similar induction principles
can be given for rule inductions, provided a certain propert
holds for the relations over which the rule inductions are
performed. We illustrate our technique with two examples:
one is the proof of the substitutivity property of the-
relation (this is one part of the simple Church-Rosser proof
due to Tait and Martin-Lof fop-reduction [2]), and the other
is the usual proof of the weakening lemma for simple types.

The proof by Tait and Martin-Lof does not show the
Church-Rosser property directly fgi-reduction, but for a
more general reduction relation defined as:

M — M’
lam(xz, M) — lam(z, M")
M —~ M N - N'
app(M,N) — app(M',N")
M —— M N -4 N'
app(/am(TM),N) i MI[T = N’]

M —— M

3)

A central lemma in this Church-Rosser proof is then:

SUBSTITUTIVITY OF — . If M — M’ and N —— N’,

= N].

1This is a slightly strengthened version of the inductiomgiple given
in [14], which in the light of this work seems more useful tithe original

tural induction principle of Urban and Tasson, for example, version.



This proof proceeds in [2] by an induction over the defi-
nition of M —— M'. Though Barendregt does not acknow-
ledge the fact explicitly (as he did in the substitution lea)m

there are two places in this proof where the variable conven-

tion is used. In the case of the second rule-gf , for ex-
ample, Barendregt writes (slightly changed to conform with
our syntax):

CASE2. M —~ M'is lam(y, P) = lam(y, P') and is
a direct consequence of &f — P'. By induction hypothe-
sis one has

Plz := N] —+ Plz := N'].

But then

lam(y, Pz := N]) == lam(y, P'[z := N']) ,
i.e. M|z := N] —+ M'[z:= N'].
The last step in this case only works if one knows that

lam(y, Plx := N]) = lam(y,P)[x:= N] and

lam(y, P'|z := N']) = lam(y, P')[z := N'|

which only holds fory being not equal ta: and not free
in N and N'. If y did not satisfy these constraints, one
would have to rename first. The contribution of this paper
is the technique allowing the derivation of a rule induction
principle for — in which the above case can be proved
under the assumption thgt # = andy ¢ FV(N,N').
This additional assumption allows one to reason just like
Barendregt in a rigorous, mechanised setting.

Our technique works for relations that are inductively-

defined by a set of rules. Such relations come with a notion

of rule induction, which can be used to prove theorems of

the form
R(M,,...,M,) = P(M,...,M,)

with R the original inductive relation on arguments, ané

another relation, which is shown to be a supersatothe

property we need for deriving our rule induction principles

with a built-in form of the variable convention is that the

relationR is equivariant[3, 12], that

Mn) = R(’/T'M] goan ,’/T'Mn)

Equivariance therefore is the property that a relation is
preserved under any permutatiann where permutations
are finite bijective mappings from atoms to atoms. Beta-
reduction, typing and—— are instances of equivariant re-
lations. So too are the reduction and typing relations for
systems such as the polymorpbhicalculus. In fact, equiv-
ariance is very common. Its absence would imply that a
particular relation didn’t behave uniformly over choicds o
the names (atoms) used as variables.

Our technique applies to all equivariant relations.

This paper is organised as follows: Sec. 2 gives a very
brief overview about the nominal logic work. Proofs are
omitted, but can be found in [3, 12, 14]. Sec. 3 illustrates ou
technique by deriving improved principles of rule induatio
for two standard relations from the literature. The ease-
of-use of the new principles is also demonstrated. Sec. 4
mentions some related work and Sec. 5 concludes.

2. Nominal Logic

There are two central notions in nominal logic: permutagion
and support. As mentioned in the previous section, permu-
tations are finite bijective mappings from atoms to atoms,
where atoms are drawn from a countably infinite set denoted
by A. We represent permutations as finite lists whose ele-
ments are swappings (i.e. pairs of atoms). We write such
permutations aga; b1) (a2 b2) - - - (an by); the empty list[]
stands for the identity permutation. A permutatiocting

on an atonu is defined as:
def

[Jea a
et as ?f Tea = aq
((aq az) = m)ea = a;  if mea=as
wea Otherwise

where(ab) :: « is the composition of a permutation fol-
lowed by the swappin@: b). The composition of: followed
by another permutatior’ is given by list-concatenation,
written aszt’'@a, and the inverse of a permutation is given
by list reversal, written ag~!. Our representation of per-
mutations as lists does not give unique representatives: fo
example, the permutatiqn a) is “equal” to the identity per-
mutation.

We equate the representations of permutations with a
relation~:

Definition 1 (Permutation Equality) Two permutations are
equal written m; ~ my, providedr ez = moex, for all
x € A.

The action of a permutation can be lifted to other types
as long as the action on the new typaénsible By this we
mean that it has to satisfy the following three properties:

(4)

(i1)

(4i1)

From this we can define “permutation sets” as those having
a sensible permutation action:

ez =z
(m1 @my) e = 7y o (m2e2)

if T ~ my thenm ez = maex

Definition 2 (PSets) A setX equipped with a permutation
action 7+(—) is said to be a pset, if for alk € X, the
permutation action satisfies the propertigg-(iii).

The informal notation: € psetwill be adopted whenever
it needs to be indicated thattomes from gset Typical per-
mutation actions permute all atoms in a giyesetelement.
For example, lists, tuples and sets can be sepsasif their
respective permutation actions are defined point-wise:



lists: ml] €

me(zt) & (mez) i (net)
tuples: me(z1,...,o,) def (Texy,...,Teky)
sets: X € (g2 e X}

Ona-equated\-terms the permutation action is defined such
that it satisfies:

mevar(a) = var(mea)
meapp(My, My) = app(m+ My, meMs) (4)
welam(a, M) = lam(mea,me M)

We note the following:

Lemma 1. The following sets argses: A, the set ofa-
equated lambda-terms, and every set of lists (similarliegip
and sets) containing elements frases.

One interesting consequence of nominal logic [3] is that

as soon as one fixes the notion of permutation action for a

Lemma 4. For all z € fs-pset, there exists an atamsuch
thata # .

Unwinding the definitions for permutation actions and
support one can often easily calculate the suppoffstpset
elements:

atoms: supp(a) = {a}
tuples: supp(z; ,Tpn) = supp(z1) U ... U supp(zy)
lists: supp([]) = @
supp(z :: xs) = supp(z) U supp(zs)
finite sets: supp(X) = |, x supp()

a-equated lambda-terms:

supp(var(a)) = {a}
supp(app(M, N)) = supp(M) U supp(N)
supp(lam(a, M)) = supp(M) — {a}

The last three equations show that the supportof

pset then the notion of support, very roughly speaking its set equateq lambda-terms coincio_les with .the usual notion of
of free atoms, is fixed as well. The support and the derived free variables. In turng # M with M being ana-equated

notion of freshness is defined as follows:
Definition 3 (Support and Freshnesspivenz € pset, its
supportis defined as:

supp(z) £ {a | infinite{b| (ab)-z £ z}} .

An atoma is said to befreshfor such ane, writtena # z,
provideda ¢ supp(z).

lambda-term coincides witta not being free inlV/. If b is an
atom, theru # b coincides witha # b.

3. Rule Inductions

Inductions over inductively-defined relations, also dlle
rule inductions, are important reasoning tools in the
calculus and programming languages [1]. Here we provide
two small, but typical, examples of such rule inductiongl an

With these notions in place we can make the equation in (1) jjjustrate our technique on both.

precise, stating when twoe-equated abstractions are equal:

lam(a, M) = lam(b,N) &
(a=bAM=N)V (5)
(a#bANM = (ab)eNAa# N)

In what follows we will often make use the following prop-
erties ofpses:

Lemma 2. For allz € pset
(1) a# zimpliesmsa # mex
(ii) if a # xandb # x,then(ab)sx =z
(iii) a# (x,y)ifandonlyifa # z anda # y

A further restriction orpses filters out allpses contain-
ing elements with infinite support:

Definition 4 (Finitely Supported PSetsA psetX is said to
be an fs-pset if every elementinhhas finite support.

We note the following:

Lemma 3. The following sets are fs-psets; the set ofxv-
equatedi\-terms, and every set of lists (similarly tuples and
finite sets) containing elements from fs-psets.

Since the set of atom& is infinite, the most important
property offs-pses$ is that for each element one can choose
a fresh atom.

3.1 Weakening for Simple Types

Terms of the\-calculus can be given types with respect to
contexts (for example finite sets of name-type pairs). Types
are of the form

ty: 1= X|1to71

Contexts arevalid if no variable occurs twice:

a# T walid(T)
valid(a : 7,T)

valid (@)

The relation associating terms and types is straightfawar
to define:

valid(IT) (a:7) €T a#T a:7,TFM:0o
It ovar(a): T Lt lam(a,M): 17— 0o

'-M:r—-o0 TI'EN:T
'tk app(M,N) : 0o

Making such a definition also results in the proof of the
associated induction principle, wifR a three-place, curried



predicate:

Vl ar. valid(T)A(a:7) €T = PT (var(a)) 7
VUMNto. TFM:1T—>0APT M (T —o0)A
'FN:7TAPT N7=>
PT (app(M,N)) o
Vl'aMto. a#TA(a:7,T)FM:0 A

Pa:7,T) Mo =
PT (lam(a, M)) (1 — o)
'trM:7 = PI'MT7

(6)
We wish to prove the following property, where a context
Iy is weaker that; (writtenT; C T',), if every name-type
pairinI'; also appearsii’:

Lemma 5(Weakening Lemma)lf I’y = M : 7 is derivable,
andT’y C I's with T'y, being valid, thed™, = M : 7 is also
derivable.

Proofs of this lemma are often claimed to be straightfor-
ward (e.g. [11]). The informal proof usually goes as follows

INFORMAL PROOF OF THEWEAKENING LEMMA. By rule
induction oved™y - M : 7.

CAsel:Ty + M : 7isTy F var(a) : 7. By assumption
we knowwalid(T';), (a : 7) € T1 andT'y C T'y. Therefore
we can use the typing rules to deriVe - var(a) : 7.

CAse2: Ty - M : 7isTy F app(My, M) : 7. Case
follows from the induction hypotheses and the typing rules.

Case3: I M :7isTy F lam(a,My) : 7 — o©.
Although, one has to prove this case for aJlusing the
variable convention we assume thatloes not occur if's.
Then we know by the induction hypothesis that 7, T'») -
M : o holds. Hence alsb’; F lam(a, My) : 7 — o by the
typing rules. “a”

Because of the arguably questionable use of the variable

convention in the third case, this informal proof is painful
to formalise using the original induction principle (6),ese

for example [4]. In particular, the abstraction case in a for
mal proof will typically require the abstraction to have its

(Another possibility when formalising results such as
these is to show that the relation is preserved under iter-
ated variable-for-variable substitutions. This resulplags
when the body of an abstraction acquires an extra substi-
tution through renaming. Because substitutions are harder
to reason with than permutations, this approach is usually
less attractive than performing the body’s renaming with a
permutation.)

The painful requirement to rename the bound variable in
the rule induction tends to happen every time a rule indactio
with (6) is performed (though not in the proof of (7), pleas-
antly). We can avoid this by proving a more useful induction
hypothesis once and for all:

Theorem 1. For all typing contextd’, all a-equated\-terms
M, all T € ty and all contextsr € fs-pset, the following
implication holds:

VeTar. valid(T)A(a:7) €T = PT (var(a)) T x
VeI' M N 1o.
F'tM:7—=s0ANz. PTM (1 —>0)z)A
''FN:7A(Vz. PTNT2) =
PT (app(M,N)) o
Veal MTo.
aftrz Na#TAN(a:,0)FM:0A
Vz.P(a:7,T) Mo z) =
PT (lam(a,M)) (1 = o) x
'-M:7 = PT'MrTzx

Proof. The proof uses the original induction principle (6).
We strengthen the goal by aiming to prove

Vo T' Mt (x €fs-psel. (...)= P (nl) (neM) T2 .
In the variable-case we need to prove
P (wT) (war(mwea)) 7 x

while knowing thatvalid (T") and(a : 7) € T hold. Validity
of contexts is preserved under permutations, so we have
valid(m+T"). From(a : 7) € T we caninfef{(mea : 7) € 7T

bound variable renamed to be Suitably fresh. The pI’OOf of and hence we can use the assumed imp"cation

the lemma also then requires an equivariance result
F'FM:7 = (D) F (weM): 7 (7

to be showr?. This lemma is generally useful, and because

VeTar. valid T)A(a:7) €T = PT var(a) T

to obtainP (7w«T") (var(wea)) T z.
The application-case is routine. The interesting caseeis th

of the existence of inverses for permutations can be resasta |, . hqa-case. In this case we need to prove

(reD)F(weM):7 & THFM:7
or even

(meD)FM:7 & Tk (x 'eM):7

which is a useful theorem to rewrite with because it collects
all of the permutations in a typing judgement and moves

them so that they apply only to the term argument.

2The proof is an easy induction using (6).

P (neT) (lam(wea,m+M)) (1 = 0) x
under the assumption that

(1) a#T
(i5) a:7,TFM:o
(1i1) Vrx. P (we(a:7,T)) (meM) o x

Since atomsA-terms and typing contexts are finitely sup-
ported and by assumption alspthere exists by Lem. 4 an

(8)



atome with ¢ # (mwea, 7« M, 7T, z). Using (iii) we can
infer

Vz. P ((¢ mea)smwe(a: 7,T)) ((c mea)swe M) 7 2
which is
Ve, P (c:1,(c mea)emsD) ((¢ mea)ems M) 72 (9)

From (i) and Lem. Zi) follows thatmea # 7-T. With ¢ #
m+I" we can infer using Lem.(2i) that(c mea)smeI’ = 7eT,

and hence simplify (9) further to
V. P (c:1,7T) ((c weq)ewe M) T x (10)

By equivariance of the typing relation (7), we can &g
and infer

(¢ mea)sme(a:7,T) F (¢ wea)smeM : o
which is
(c:7,me D) F (c wea)emeM : 0 (11)

Now we can use: # =z, (10), (11) and infer from the

assumed implication in the lambda-case that
P (7<) (lam(c, (¢ mea)em+M)) (1 = 0) x

3

Because: # m+a andc # w+« M, we know by (5), however,
that

lam(c, (¢ wea)swe M) = lam(mea, 7+ M)
and we are done. O

With this induction principle at our disposal, the proof of
the weakening lemma is simple.

Proof of the Weakening LemmBerform a rule induction
overl'; + M : 7 using the induction hypothesis

Iy CTy = walid(Ty) = To - M : 7

That is, we instantiate Thm. 1 with

P = AF]MTFQ. F] grgivall’d(rg)il—bl—M:T
r =1m,
M = M
T = T
z = Iy

wherel'; € fs-pseby Lem. 3. This gives the following three
sub-goals:

(1) valid(T}) A (a:7) €T A T) CTY A valid(T})
=T, Foar(a): 7

MMFMy:T—>0 ANT{FMy:TA

(V5.7 CT% = valid(Ty) = Th - My :7 = 0) A
(VL. T4 C T = valid(Th) = T F My : 7) A

Ty CTY A wvalid(T4)

=TIy Fapp(My, Ms) : 0

a# T Na# T A (a:7,T))FM:0A

(VI%. (a:7,T)) CT% = valid(Ty) = T4 F M :0) A
Iy C TS Awalid(T)

=>Thklam(a,M): 7 >0

(2)

where the first two are trivial. Fof3) we instantiatevl'
with (a : 7,T%). The fact(a : 7,T}) C (a : 7,T}) follows
from T C T%; valid(a : 7,T%) follows from wvalid (T)
anda # T). This gives us(a : 7,T) - M : 0. Now
we immediately obtaii, - lam(a, M) : 7 — o using the
definition of the typing relation and the fact thag I',. O

This example also shows why the new induction principle
needs to have universal quantifications over the contexts in
the premises. For example, in the lambda-case the assumed
implication has the premis&g/z. P (a : 7,T') M o 2):

VeaTlM7to. a#x ANa#TA(a:7,T)FM:0A
Vz.P(a:7,T) Mo z) =
PT (lam(a,M)) (t = o) x

If we had stated the induction principle using the following
simpler implicatiod

Veal'M7to. a#x Na#TA(a:7,0)FM:o A
Pla:r, )Moz =
PT (lam(a, M)) (1 = o) x

then the induction hypothesis with which we proved the
weakening lemma, namely

Ty CTy = valid(Ty) =Ty b M : 7

would not have been strong enough. We would have to make
it stronger as follows

VIy. Iy Cly = 7)al7:d(F2) =>Iy+FM:T

but then we would not be able to use the assumpiic#

I's, which was vital in the weakening lemma to get the
lambda-case through. In effect, we would have to perform
renamings. With the version of the rule induction we have
given, this is unnecessary.

3.2 Substitutivity of One-Reduction

The central lemma in proof given in [2] for the Church-
Rosser property of beta-reduction is the substitutivityhef
- -reduction shown in (3). The induction principle that
comes with this definition is as follows:

VM. P M M

Ya M M'.
M- MANPMM =
P (lam(a, M)) (lam(a, M"))
VM M'N N'.
M—— M NP M M'A
N-——~NAPNN'=
P (app(M,N)) (app(M', N'))
YaM M' N N'.
M —~ MNP M M'A
N-——~NAPNN'=
P (app(lam(a, M), N)) (M'[a := N')

M-——N = PMN

(12)

3This version is similar in style to the structural inductjarinciple in [14].



Our technique derives the following new induction prineipl

Theorem 2. For all a-equated\-termsM and N and all
contextse € fs-pset, the following implication holds:

YeM.P M M x

YraM M'.
a# e AM-——MANz.PMM z) =
P (lam(a, M)) (lam(a, M")) x
Ve M M' N N'.
M~ M'A (¥z. P M M' 2) A
N-—+—N'ANz.PNN'z) =
P (app(M, N)) (app(M',N')) =
YeaM M' N N'.
af#t (e, NNYANM —— M'"NNz. PM M' z) A
N-—+—N'ANz.PNN'z) =
P (app(lam(a, M),N)) (M'[a := N']) z

M——N = PMNzx

Proof (Sketch)The proof is similar to the proof of Thm. 1.

(we also haveV — N'). The definition of ¢~ tells us that
the right-hand side of (13) reduces to:

P'lz := N'lla := Q'[z := N

Now the freshness constrainis# = anda # N' match
exactly the pre-conditions for the substitution lemma,chihi
gives us

P'la:=Q'][z := N'].

This completes the proof.

4. Related Work

The prettiest formal proof of the weakening lemma we found
in the existing literature is that in [12]. Pitts’s proof sd@e
equivariance property of the typing relation, and includes
renaming step using permutations. Because of the pleasant
properties that permutations enjoy (they are bijectivanen

ings, in contrast to substitutions which might identify two
names), the renaming can be done with minimal overhead.

We need to strengthen the induction hypothesis to be of theOur contribution is that we have effectively built this rema

form:
VoM Nz efs-pset(...) = P (neM) (7+N) x.

In the second and fourth rule we can chose a fresh atom
w.rt. (z, N, N') sincea-equated\-terms ande are finitely
supported. We must prove equivariance fgr- , namely

V.M —— N = (r+M)— (7+N)

ing into the induction principles once and for all. Proofs us
ing our principles do not need to perform explicit renam-
ing steps at all. Furthermore, we have created a full reason-
ing framework in HOL4 and Isabelle/HOL in which results
about calculi with binders can be proved at least as conve-
niently as in other mechanisations.

Somewhat similar to our approach is the work of Pollack
and McKinna [9]. Starting from the standard induction prin-
ciple that is associated with an inductive definition, we de-

in order to apply the assumed implications (this can be eas-rived an induction principle that allows emulation of Baren

ily established using the original induction principle shmo
in (12)). O

Using the new induction principle to prove
M- M = N N' = M|z := N] + M'[z := N']

leads to a very simple substitutivity proof: all cases argequ
simple calculations about substitutions. In the second,cas
we haveM — M' being lam(a, P) —= lam(a, P') and
a # (x,N,N'). The latter assumption allows us to move
the substitutiongz := N] and[z := N'] freely under the
binder and back out.

In the fourth case, we havd —— M' being

app(lam(a, P), Q) =+ Pla:= Q] .

Because of the assumption in this case thas fresh for
(z,Q,Q',N,N') we have

app(lam(a, P),Q)[x := N] =

app(lam(a, P[z := NJ),Q[z := (13)

N))
and know by the induction hypotheses

N N' = Plz:=N]— P'[z := N'|
N+ N' = Q[z:=N]+ Q'[z := N’

dregt’s variable convention. Pollack and McKinna, in con-
trast, gave a “weak” and “strong” version of the typing rela-
tion. These versions differ in the way the rule for abstiati

is stated:

c# M (x:7,)FMly:=z]:0
C'kElam(y,M):7 >0

weak

Ve.x # T = (@ :7,T)F Mly:=2]:0
C'klam(y,M):7 >0

strong

They then showed that both versions derive the same typing
judgements. With this they proved the weakening lemma us-
ing the “strong” version of the principle, while knowing tha
the result held for the “weak” relation as well. The main dif-
ference between this and our work seems to be of conve-
nience: we can relatively easily derive, in a uniform way,
an induction principle for equivaraint relations that aito

the variable convention (we have illustrated this pointhwit
two examples). Achieving the same uniformity in the style
of McKinna and Pollack does not seem as straightforward.

5. Conclusion

In the POPIMARK Challenge [1], the proof of the weaken-
ing lemma is described as a “straightforward induction”. In



fact, mechanising this informal proof it straightforward [4] J. Gallier. Logic for Computer Science: Foundations of

at all (see for example [9, 4, 12]). We have given a novel Automatic Theorem ProvingHarper & Row, 1986.

rule induction principle for the typing relation that makes [5] A. D. Gordon. A mechanisation of name-carrying syntax up

proving the weakening lemma mechanically as simple as to alpha-conversion. IRroceedings of Higher-order Logic

the performing the informal proof. We have also illustrated Theorem Proving and its Applications (HUG’93)olume

our technique with another typical proof taken from the 780 of Lecture Notes in Computer Sciengages 414-426.

calculus. We see no problems in extending this technique to Springer, 1994.

other calculi with bound names. [6] A. D. Gordon and T. Melham. Five axioms of alpha conver-
One remaining challenge is to provide machine support sion. In J. von Wright, J. Grundy, and J. Harrison, editors,

to derive our new rule induction principles automaticafly. Theorem Proving in Higher Order Logics: 9th International

the moment, we have proved the principles manually. There Conference, TPHOLs'9&/0lume 1125 of_ecture Notes in

is clearly a pattern in the statement of the revised priesipl Computer Sciencgages 173-190. Springer-Verlag, 1996.

and in their proof: [7] P. Homeier. A proof of the Church-Rosser theorem for the

. . lambda calculus in higher order logic. In R. J. Boulton
* bound variables that appear in rules can be assumedtobe  5nq p B, Jackson, editor§PHOLs'01: Supplemental

fresh with respect both to free variables in those rules and Proceedings pages 207-222. Division of Informatics,

with respect to an additional “context” parameter; and University of Edinburgh, September 2001. Available as
« proofs proceed by showing equivariance for the relation, Informatics Research Report EDI-INF-RR-0046.

and then using the original induction principles to show [8] J. Hurd and T. Melham, editor§’heorem Proving in Higher

that an induction parametét holds for all possible per- Order Logics, 18th International Conferenceolume 3603

mutations of its parameters. of Lecture Notes in Computer Scien&pringer, 2005.

[9] J. McKinna and R. Pollack. Some type theory and lambda

The first element of the pattern is not yet rigorous. For calculus formalisedJournal of Automated Reasonir@g(1-

example, in the last rule of the principle in Theorem 2, the 4), 1999.
bound atom: can be assumed fresh with respect to variables _ . ) L
N and N'. but not M and M'. As a binds overM it is [10] M. Norrish. Mechanising\-calculus using a classical first

order theory of terms with permutatiotdigher Order and

reasonable that it not be forced to be free there, but it is Symbolic ComputatiorTo appear.

not syntactically clear why//' is excluded. Semantically, ) )
it is clear: M —— M, and soa may also appear i/'. For [11] B. C. Pierce. Types and Programming LanguageMIT
arbitrary relations, this may not always hold, and we may Press, 2_002' _ _ _
have to content ourselves with syntactic heuristics. [12] A. M. Pitts. Nominal logic: A first order theory of names
In any case, requiring one simple, stereotyped induction and blndlng.. InTheoretlca_I Aspects of Computer S_oftware,
in order to reproduce the ease-of-use of Barendregt's Vari- ‘ght |rt;terggtlggalzggin%osmm,d_TAcls 200;’2 185en;1_a|, tJapan,
able Convention seems a very small price to pay. We have clober ' » Proceedingoiume Jotecture
shown this by implementing our results in HOL4 and Is- Notes in Computer Sciengaages 219-242. Springer-Verlag,

abelle/HOL. 2001 _ . -

[13] A. M. Pitts. Alpha-structural recursion and induction
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