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Abstract literature [3, 5, 8]. Harper and Pfenning present in [8] a

type-driven algorithm, which is practical and also has been
LF is a dependent type theory in which many other formal extended to a variety of richer languages. The correctness
systems can be conveniently embedded. However, correcef this algorithm is proved by establishing soundness and
use of LF relies on nontrivial metatheoretic developments completeness with respect to the definitional equalitysrule
such as proofs of correctness of decision procedures forof LF. These proofs are involved: Harper and Pfenning’s
LF’s judgments. Although detailed informal proofs of these detailed “pencil-and-paper” proof given in [8] spans more
properties have been published, they have not been for-than 30 pages, yet still omits many cases and lemmas.
mally verified in a theorem prover. We have formalized these ~ We present a formalization of the main results of Harper
properties within Isabelle/HOL using the Nominal Datatype and Pfenning’s article [8]. To our knowledge this is the first
Package, closely following a recent article by Harper and formalization of these results. We found a few of the proofs
Pfenning. In the process, we identified and resolved a gapas presented in [8] daotgo through as described, and there
in one of the proofs and a small number of minor lacunae in is agapin the proof of soundness. Fixing the problem with-
others. Besides its intrinsic interest, our formalizatjmo- out changing the rules of the system was nontrivial. Our for-
vides a foundation for studying the adequacy of LF encod- malization was essential not only to find this gap in Harper
ings, the correctness of Twelf-style metatheoretic reimgpn ~ and Pfenning’s argument, but also to find and validate the
and the metatheory of extensions to LF. possible repairs relatively quickly.

We used Isabelle/HOL [12] and the Nominal Datatype
Package [18, 20] for our formalization. The latter provides
an infrastructure for reasoning conveniently about dakegy
with a built-in notion of alpha-equivalence: it allows to
specify such datatypes, provides appropriate recursion co
binators and derives strong induction principles that have
the usual variable convention already built-in. The Norhina
The (Edinburgh) Logical Framework (LF) was introduced Datatype Package has already been used to formalize log-
by Harper, Honsell and Plotkin [6] as a framework for spec- jcal relation arguments similar to (but much simpler than)
ifying and reasoning about formal systems. It has found those in Harper and Pfenning’s completeness proof [10];
many applications, such as proof-carrying code [11]. The |ogical relations proofs are currently not easy to fornliz
Twelf system [14] has been used to mechanize reasoningn Twelf, despite the recent breakthrough in [16].
about LF specifications. Besides proving the correctness of their equivalence al-

The cornerstone of LF is the idea of encodjmdgments-  gorithm, Harper and Pfenning also sketched a proof of de-
as-typesandproofs-as-termsvhereby judgments of a spec-  cidability. Unfortunately, since Isabelle/HOL is based on
ified formal system are represented as LF-types and the LF<lassical logic, proving decidability results of this kiisl
terms inhabiting these LF-types correspond to valid deduc-not straightforward. We have formalized the essentialspart
tions for these judgments. Hence, the validity of a deduc- of the decidability proof by providing inductive definitisn
tion in a specified system is equivalent to a type checking of the complements of the relations we wish to decide. It
problem in LF. Therefore correct use of LF to encode other js clear by inspection that these relations define recuysive
logics depends on the proofs of correctness of type checkingenumerable sets, which implies decidability, but we have
algorithms for LF. not formalized this part of the proof. A complete proof

Type checking in LF is decidable, but proving de- of decidability would require first developing a substan-
cidability is nontrivial because typechecking depends on tial amount of computability theory within Isabelle/HOL,

equality-tests for LF-terms and LF-types. Several algo- a problem of independent interest we leave for future work.
rithms for such equality-tests have been proposed in the

1 Introduction



Contributions:  We present a formalization of the sound- the listo and in type familyA. Substitution for a single vari-
ness and completeness of the equivalence algorithm and adgp|e is defined as a special caggix:=M] def (-)[(%,M)].
ditional metatheoretic properties of LF presented in[88 W | F also includessignaturesS and contextsI”, both of
discuss additional lemmas and other complications arisingwhich we represent as lists of pairs. The former consist of
during the formalization, and explain the gap in the sound- paijrs of the form(c, A) or (a, K) associating the constant
ness proof and its solutions in detail. We also discuss our. with type A and the constant with kind K respectively,
partial formalization of decidability. Due to space limita and the latter consists of paits A) associating the variable
tions, we omit detailed discussion of our formalizations of y with type A. Accordingly, we write(x, A)::I" for list con-
some of the material from sections 6 and 7 of [8]; the inter- stryction (rather thailt, : A), I’ @I’ for list concatenation
ested reader should consult our formalization and compan-and(x, A) € I for list membership (similarly for).
ion technical report [19]. HPO5 defines two judgments for identifying valid signa-
tures and contexts, which we formalize as follows

2 Background _ F¥sig [[FoK:kind a# ¥

The logical framework LF [6] is a dependent type theory. -1 sig _ - (a K): X' sig
We present it here following closely the article by Harper FXsig [|FxA:type c# X
and Pfenning [8], to which we refer from now on as HP05. F(c, A)::X sig
The syntax of LF includekinds type familiesandobjects FYsig Felctx ks Aitype x# I
defined by the grammar: F [] ot Fo (x A):l oI
Kinds KL = type| IIx:A. K . .
Type families  AB = a| IxA. Ay |AM where[] stands for the empty list. In contrast with HPO5, we

Objects MN - make explicit that the new bindings do not occur previously
" in X' or I, using freshness constraints suctxgg I". We

where variables: and constantg and a are drawn from  also leave explicit the dependence of all judgmentsion
countably infinite, disjoint setd/ar and Id of variables Central in HPO5 are the definitions of the validity and
andidentifiersrespectively. We formalize the syntax of LF definitional equivalence judgments for LF, and of algorith-
as nominal datatypes (i.e-equivalence classes) since the mic judgments for checking equivalence. The validity and
constructors\ andlIl bind variables. Traditionally, LF has definitional equivalence rules are shown in Fig. 1. Note that
includedA-abstraction at the level of both types and objects. there are three judgments for validity and three for equiva-
However, Geuvers and Barendsen [4] established that typefence, corresponding to objects, type families and kinels re
level M\-abstraction is superfluous in LF. Accordingly, HPO5 spectively. These six judgments are defined simultaneously
omits type-leveh-abstraction, and so do we. with signature and context validity by induction. We added

Substitutions are represented as lists of variable-termexplicit validity hypotheses to some of the rules; these are
pairs and we define capture avoiding substitution in the left implicit in HP0O5. We also added some (redundant)
standard way as freshness constraints to some rules in order to be able to
use “strong” induction principles [18].

The rules for the equivalence checking algorithm are
given in Fig. 2. There are five algorithmic judgments: algo-

C|X|)\X:A.M|M1 Mo

X[o] = lookupo x
ol = ¢

c
(MN)[o} = Mio] N[o] rithmic and structural object equivalence, algorithmid an
(WA M)lo] = XxAle]. M[o] - providedx # (o, A) structural type equivalence, and algorithmic kind equiva-
ao] = a lence. Note that the algorithmic rules are type- (or kind-)
(AM)[o] = Alo] Mo] _ directed while the structural rules are syntax-directelde T
(IxA. B)[o] = IIx:Alo]. Blo] providedx # (o, A) algorithmic rules make use of several additional notations
typdo] = type which we define next.
(Ix:A. K)[o] = IIx:Alo]. K[o] providedx # (o, A) A crucial point of the algorithm in HPO5 is that it does

not analyze the precise types or kinds of objects or types
respectively, rather it only uses approximsi@ple types
andsimple kinds: defined as follows:

where the variable case is defined in terms of the auxiliary
functionlookup

lookup([] x = x
lookup((y, M)::0) x = (if x = y then M else lookup x) Ti=a |t T KIStpe [Tk

The preconditionx # (o, A) in the above definition are  This simplification is sufficient for obtaining a sound and
freshness constraints provided automatically by the Nomi- complete equivalence checking algorithm, and crucially
nal Datatype Package and standxXoot occurring freely in ~ also simplifies the proof developmentin a number of places.



Similarly, simple contexta\ consist of lists of pairgx, Lemma 1 (Freshness)If x # I"and ' Fx M : A then
7) of variables and simple types. We write A sctxto X # M and x# A.
indicate thatA is valid, i.e. has no repeated variables, and o o ]
write A > A’to indicate that\ contains all of the bindings ~ L€mma 2 (Implicit Validity). If I' Fx: M : A then- X sig
of A andA is a valid simple context. andk s I ctx.

The erasurefunction translates families and kinds to

. ) , Similarly for the other validity and definitional equivalssn
simple types and simple kinds:

judgments.
(@~ =a" B All the metatheoretic properties can be proved as stated
(AM)~ = A~ (type)i =tpe in the article (appealing to Lem. 1 and 2 as necessary); how-
(XA Ag)~ = A — Ay~ (IIxA.K)~ =A" =K ever, since all of the judgments of LF are interdependent,

each inductive proof must consider all 35 cases, making
Similarly, we writel"~ for the simple contextresulting from  each proof nontrivial as a practical matter (it is one of the
replacing each bindinfx, A) in I" with (x, A™). biggest parts of our formalization).
The rules for the algorithm also employeak head re- HPO5 organize the proofs of these metatheoretic proper-
ductionrelation~+ which performs beta-reductions only at ties very neatly. For example one can show that the validity
the head of the top-level application of a term. It is defined judgment of terms implies the validity of the type, namely

as
Lemma 3 (Validity). Types and kinds appearing in deriv-

x# (A1, My) My ~ M’ able judgments are valid. For example [if-x M : A then
(}\X:Al. Mg) M1 ~ MQ[X::Ml] M1 M2 ~ M1IM2 I l_Z' Atype

The main results of HPO5 are soundness and completeHowever, in order to establish this a number of auxiliary
ness of the algorithmic judgments relative to the equiva- facts have to be proved first which depend on this property.
lence judgments, namely In order to get the proof through, HPO5 defined the rules
given in Fig. 1 to explicitly check the validity of type and
kind subtermd” 5 A: typeandI' +5 K : kind. In many
cases, these checks are unnecessary once validity has been

Theorem 1 (Completeness)
1. fI'txyM=N:Athen[" Fx M&N:A™.
2. fI'Fxy A=B:Kthen"" Fy A& B:K™.

3. If I'+x K=L:kind thenI™™ k5 K & L : kind". proved.
Theorem 2 (Soundness) 3.1. Algorithmic equivalence

1.f I''trxM&N:A~ and I'FxyM:A and
I'tsN:AthenI'Fs M =N:A The main metatheoretic properties of algorithmic equiva-

2.1f I'"FxA&B:K™ and I'Fx A:K  and  |ence are symmetry and transitivity. Several properties of
I'FyB:Kthenl'rs A=B:K. _ weak head reduction and erasure needed later in HPO5 are

3. If I Fy K& L:ikind™ and I'tx K:kind and  also proved. Most of the proofs were straightforward to for-
I'tx L:kind thenI'Fy K =L : kind. malize, given the details in HPO5 (where provided). How-

In what follows, we outline the proofs of these results and €Ve": there were a few missing lemmas and other compli-
discuss how we have formalized them, paying particular at- €ations. The algorithmic system is less well-behaved than
tention to places where additional lemmas or different proo the d$f|n|t|onal system beca.use derivable judgments may
techniques were needed. We also discuss the gap in th@ave ‘ill-formed” arguments; for example, the judgment

soundness proof of HPO5, along with several solutions. [ 7 (Ax@. €)y < ¢: b~ is derivable providedc, b) € X
since(Ax:a. ¢) y ~» ¢. Thus, analogues of Lem. 1 and 2 do

not hold for the algorithmic system, and in rules involving
binding we need to impose additional freshness constraints

) o Moreover, proof search in the algorithmic system is not nec-
The proofin HPO5 starts by establishing a number of useful essarily terminating because may diverge if called onill-
metatheoretic propgrties for the validity an.d equalityguq formed terms such g8\x:a. X X) (Ax:a. X X).

ments (shown in Fig. 1), such as weakening, substitution,  The erasure preservation lemma establishes basic prop-

generalizations of the conversion rules and inversiorngprin - grties of erasure which are frequently needed in HPO5:
ples. We needed two technical lemmas having to do with the

implicit freshness and validity assumptions which must be Lemma 4 (Erasure preservation)

explicitly handled in our formalization. Both are straight 1. fI'rx A=B:Kthen A =B".

forward by induction, and both are needed frequently. For 2. If I'+x K =L :kind then K =L".
example for the validity judgments for objects we have: 3. If (x, A)::I' 5 B: type then B = B[x:=M]~

3 Theformalization



Felctx (X, A)eI' Fxlctx (CA)€X I'kFyMi:IIxA. Al I'bxMy:Ay X#T
'k X: A I'Fsc: A ' My M2:A1[X::M2]
F|—2A1:type (X,Al)::Fl—z Mo : A X#(F,Al) I'FxM:A FI—EA:B:type
I'Es AXAL. Mo TIXA;. A I'cxM:B
FxIctx (a,K)eX TI'FxA:IIxB.K I'tksM:B x#1TI
I'kFxa:K I'Fs AM: K[x:=M]
I'kts A:type (XAl Fs Asitype x# (A1) I'bFsA:K 'k K=L:kind
I’ Fx IIx:A;. A : type I'FsA:L
Fx I'ctx I'Fx A:type (%, A):I'Fx K:kind x# (I, A)
I' 5 type: kind I' -5 IIx:A. K : kind
Fexlctx (X, A)eI' Fxlctx (c,A)eX
'y x=x:A 'ty c=c:A
I'tx M1 =Ny IIxA2. Ay F|—2A1,=A1:type Fi—gAl":Alztype
I'tsMa=No:Ay X#1T ks A:type (KAL)l Fs Ma=Na: Ay X# T
I'Fx M; Mz =Ni Ny 2 A [x:=Mjy] I'Fx AL Mz = AxA; " Ng : TIxA;. Ay
I'ts M :IIxA. Ay T'Fx N:IIXA;. A I'ts Ar:type (X, A1):l'Fs M2 =Na: As
F|—2A1:type (X,Al)::Fl—z MX=NX: A X#F ' Mi =Np: A X#F
I'Fxs M =N:IIxA:. A I=5) (/\X:Al. M2) M; = N2[X:=N1] :A2[X:=M1]
I'tsM=N:A I'FxM=N:A I'txN=P:A I'FxM=N:A I'kx A=B:type
I'FxN=M:A I'txM=P:A I'rsM=N:B
TrsA=B:K rox @key AT :.gX')C(:#KF IEX,FAEICTF SN tFyTJ: 1).(;pre
Fksa=a:K ITFsAM=BN:K[x=M] I FsIIxAs. A, = IIxB;. B, : type
'y A=B:K TI'hxyA=B:K I'yB=C:K TI'FyxA=B:K I'kyK=L:kind
I'-sB=A:K I'+sA=C:K I'sA=B:L
Fs I ctx I'+sA=B:type I'Fs A:type (x,A)=:"Fx K=L:kind x# I
I' +x type= type: kind I' 5 IIx:A. K = TIx:B. L : kind
s K=L:kind I'txK=L:kind I'xL=L":kind
'y L=K:kind I'x K=L":kind

I'FsM:A

I'kFsA:K

I't+x K :kind

I'FsM=N:A

I'+x K=L:kind

Figure 1. Validity and definitional equivalence rules for ki nds, type families and objects.

M~M AFxM <N:a= N~N ArxMeN:a
AFsM&N: 7T

AFsM& N:a AFxM& N:a
AFzsMeN:a (X 71)sAFs MXe NXx:m2 X# (X, A, M, N)
AFsM&N:a® AFsM&N: 7, =72
x,7)€eA (c,A)eXx ArFsMi o NiiTo=>71 ARz My & Na:mo
AFsXeX:T AbFgceCc:A AFsM;i M2 Ny Ny:7y
A AGBr Ai—gA<—>B:type: X, 7):AFs AXS BXx:k X# (X, A, A B)
Akrs As B:type AFsA&B: 71—k

AFz Al &Bi:type (XA )uAbs A& Baitype X# (X, A, A, Br)
A b5 IIXA . Ay & TIX:B,. By : type”

[
T
®
<
T
z
X ”

(a,K)ex AFsAB:7r—>k AFsM&N:T
AFs A& Bk -
AFza+a:K AFxAM+BN:k
AFs A& B:type (XA ):AkFs K& L:kind™ x# (X, AAB
|AFsKe L:kind | — = yoe (A JidFr nd X )
A Fx type< type: kind A Fx IIxA K < IIxB. L : kind

Figure 2. Algorithmic equivalence rules



4. If (x, A)::I" Fx K : kind then K = K[x:=M]~

4. f AFx A< B:kand A +x B < C: k then
AFs A Cik.

However, we found that the hypotheses of parts 3 and 4 are 5. 1f AFy K< L:kind andA Fy L < L' : kind™

unnecessarily strong. Indeed, we can easily prove:

Lemma 5 (Erasure cancels substitution)
1. Ax=N]"=A"and Ao]” = A"
2. Kx:=N]7 =K~ and Klg]~ =K~

We also needed the following algorithmic erasure preserva-

tion lemma (omitted from HPO5):

Lemma 6 (Alg. erasure preservation)
1. fAFxA&SB:kxthen A =B,
2. fAFy A& B:k then A =B".
3. fAFx K& L:kind™ then K- =L".

thenAFyxy K< L' kind™.

Proof. As described in HPO5, the proof is by simultaneous
induction on the two derivations. For types and kinds, this

simultaneous induction can be avoided by performing in-

duction over one derivation and using inversion principles
For the object-level judgments (cases 1 and 2), we formalize
this argument in Isabelle by defining object-level algerith
mic judgments “instrumented” with a height argument, and
prove parts 1 and 2 by well-founded induction on the sum
of the heights of the derivations.

Because of the induction over the height, there are sev-
eral cases where we need to perform some exptieit

The determinacy lemma establishes several importantconversion and renaming steps; these are places in an infor-
properties of weak head reduction and algorithmic equiv- pg proof where one usually appeals to renaming principles

alence.

Lemma 7 (Determinacy) Suppose that- X sig and
F A sctx.

If M~ M"and M~ M’ then M =M"",
fFAFsM&N:7thenAM. M~ M.

fAFy Mo N:7 then AN N~ N,
fAFsM&N:TandAFxs M & N:r'thenr = 1.
5, fAFsAsB:kandA s Ae B:k'thenk = k'

PobdE

“without loss of generality”. The generalized determinacy
property (Lem. 8) is needed here in the case of structural
equivalence of applications. O

Strengthening At this point in the development, we can
also prove that the algorithmic judgments satisfyength-
ening that is, unused variables can be removed from
the context without harming derivability of a conclusion.
Strengthening is not discussed in HPO5 until later in the

However, we needed generalized forms of 4 and 5 in the paper, but we found it necessary in repairing the proof of

proof of transitivity (Thm. 4). Itis also later used in Thn2 1
in proving decidability of the algorithmic rules.

Lemma 8 (Generalised determinacypuppose that X' sig
andF A sctx.
1. fAFsMeN:7TandAFs N& P:r'thent =7/,
2. fAFxy A B:kandAFx B& C:k'thens = &'

Verifying symmetry of the algorithmic judgments is then

straightforward, using properties established so far.

Theorem 3 (Symmetry of algorithmic equivalence)

1. fAFsM&SN:7thenAFs NS M:T.
2.fAFsM o N:TthenAFs N M:T.

3. IfAFs A B:kthenAks B& A k.

4. If AFx Ao B:kthenAFsBe Ak,

5, fAFx K& L:kind™ thenAtx L& K:kind™.

However, verifying transitivity required more work.

Theorem 4 (Transitivity of algorithmic equivalence)Sup-
pose that- X’ sig and- A sctx.
1. fAFsM&N:7andA Fx N & P: 7 then
AFsMsP:T.
2. fAFxy M & N
ArFxs Mo P:T.
B fAFys A B:rkand A kx B & C: k then
AFsxy A& C:k.

c:7and A Fx N & P: 7 then

soundness. We first need an (easily established) freshness-
preservation property of weak head reduction.

Lemma 9 (Weak head reduction preserves freshneffs)
M ~» N and x# M then x# N.

Lemma 10 (Strengthening of algorithmic equivalence)

1 IfA'@[(x, T)| @A Fx M < N:7and x# (A", M,
N) thenA’@A+Fxy M & N: 7.

2. fA'@[(x, T)|@A Fx M« N:7and x# (A", M,
N) thenA’@A Fxy M < N: 7.

3. IFA'@[(x, )] @A Fx A B: kand x# (A', A B)
thenA\'@A Fx A& B k.

4. If A'@[(x, T)]@A Fx A+ B:kand x# (A, A B)
thenA’@A Fx A+ B: k.

5 If A'@[(x, )] @A Fx K& L:kind™ and x# (A,
K, L) thenA’@A 5 K< L:kind™.

Proof. Straightforward induction on derivations, using
properties of freshness and Lem. 9. O

3.2. Completeness

The proof of completeness involves a Kripke-style logical
relations argument. We can define the logical relation for
objects, types, and substitutions, by induction on thecstru
ture of simple types and kindsx and simple context®,
respectively, as shown in Fig. 3.



AFsM=Neg |137]
AFsM=Ne[r—r1]

Atx A=Be [type]
AI—EA:BEHT—)K]]

Atx K=L¢€[kind™]
Arsl=[e[ll

AFs (X, M):o = (x,N):0 € [(X, 7)::0]

AFsM&N:a”

VA'>A M N A'Fx M'< N’ : 7impliesA'Fxs MM’ < NN': 7/
Atz A& B:type

VA'>A M ,N.A'Fx M'& N’ : rimpliessA'Fxs AM < BN : 7/
Atz K& L:kind™

True

Atlgo=0ec[O]and x# O©and AFxM=N¢g [r]

Figure 3. Logical relation definition

The key steps in proving completeness are showing 2. If I'x A=B:KthenA 5 Alo] = B[f] € [K™].
that logically related terms are algorithmically equivdle
(Thm. 5) and that definitionally equivalent terms are logi-
cally related (Thm. 6). Many properties can be established
by an induction on the structure of types, appealing to the
properties of the algorithmic judgments established in sec Lemma 16. If -5 I'ctx then'~ Fx idr =idy € [I'7].

The last step needed to establish completeness is to show
that the identity substitution over a given context (writte
idr) is related to itself:

tion 3 of HPO5 and the definition of the logical relation.

Lemma 11 (Log. rel. weakening) Suppose\’ > A.

1. fAFsM=NEg¢ [[T]] thenA'Fx M =N¢€ [[T]]

2. IfAI—;A:BE[[m]]thenA’I—ZA:BG [[Ii]]
3. If Abso=0c[O]thenA’Fs o =0 c[O]

Theorem 5 (Log. rel. implies alg. equiv.)

Supposé A sctx.
1L.IfAFxyM=Ne][r]thenAkFy M & N:T.
2.fAFxM& N:7thenAFx M =N € [r].
3. IfAI—;A:BG[[m]]thenAl—;A(:)B:m.
4. |fA|—2A(—)B:I<.‘,thenA|—EA:B€[[Ii]].

Lemma 12 (Closure under head expansion)
Suppose M~ M'and N~ N’.

1. f AbFy M’:NE[[T]]thenAI—EM:NG[[T]].
2. 1f Ay M=N'¢ [r] thenA Fx M =N € [1].

Lemma 13 (Log. rel. symmetry)

1. fAFyM=Ne[r] thenAky N=M e [7].

2. 1f A A=Be [x] thenA F» B=Ac [4].
3. |fA|—20':0€[[9]] thenAl—EQZUG[[O]].

Lemma 14 (Log. rel. transitivity) Suppose that X sig

andk- A sctx.

1. IfAI—;M:NE[[T]]andAI—EN:PE[[T]]then

AFZM:PE[[T]].

2. IfAI—ZA:BE[[n]]andAI—EB:CE[[m]]then

Ay A=Ce [[Iﬁ}]]

B.IfAFyo=0€[O]andA tyx 0 =0 € [O] then

AFso=6€[0]

Theorem 6 (Def. equal implies log. rel.)
L. fIr'ksM=N:AthenI" FxM=Nec][A].
2. fIr'ry A=B:KthenI'" Fxy A=Be [KT].

Corollary 1 (Completeness)
1L.fIr'tsM=N:AthenI"FxyM&N:A-.
2. fI'rxA=B:KthenI' " Fx A& B: K.
3. fI'txy K=L:kind thenI'” Fx K< L:kind™.

Note that part 3 of Cor. 1 was omitted from HPO5, but it is
straightforward to prove by induction given parts 1 and 2,
and algorithmic transitivity and symmetry.

3.3. Soundness

Soundness of the algorithmic equivalence definition is
proved under the assumption that the terms being compared
are well-formed. This first requires showing that weak head
reduction preserves well-formedness:

Lemma 17 (Subject reduction) Suppose M~ M’ and
I'FsM:A Then'Fxs M':Aandl'Fx M =M': A,

The soundness theorem then states that if the arguments
to a derivable algorithmic judgment are well-formed, then
the corresponding definitional judgment holds; it however
needs to be stated slightly more generally than Thm. 2. In
contrast to completeness, the proof of soundness proceeds
by entirely syntactic techniques, by induction over thacstr

ture of algorithmic and structural derivations. Our irlitia
formalization attempt followed the proofs given by HPO5.
However, we encountered two difficulties which were not

The proof that definitionally equal terms are logically re- o ssed in the article. Both difficulties arise in the algo

!ated required Some care to formalize. The k_ey stepiis S,h(?w'rithmic extensionality cases in parts 1 and 3 of Thm. 2.
ing that applying logically related substitutions to defini

tionally equal terms yields logically related terms. . . I
yed y glcaly First problem In proving the soundness of algorithmic

extensionality for objects arising in part 1 of Thm. 2, récal
that we have a derivation of the form:

Lemma 15. Supposé A sctxandA Fx o =0 ¢€ [I'7].
1. If I'Fx M =N:AthenA Fx M[o] = N[f] € [A7].



(a,K)eX

AFsA=B:k

ArxsA=B: 77— AFsM&SN: T

Absa=a: K"~

AbFs A =B :type (X, A

AFs AM=BN:&
A Ay =B type x# (X, A, A, By)

A Fx IIxA;. Ay = TIx:B;. By : type”

Figure 4. Weak algorithmic type equivalence judgment

X 7m1):l' " Fx Mx& Nx:1o X# (X, I, M,N)
I''tFxyMe N1 =79

and we also know that’ -x M : AandI" Fx N : A for
someAwith A~ =7, — 75. In order to apply the induction
hypothesis, we need to know thisk x andN x are well-
formed in an extended conteft, A,)::I". HPO05’s proof
begins by assuming thdt -x M : TIx:A;. A and " Fx

N : TIx:A;. As, and proceeding using inversion properties.
However, it isnot immediately clear thah™ = 7y — 75
implies thatA = IIx:A;. A, for someA; andA;; indeed,
this can fail to be the case Kis not well-formed. Instead,
we first need the following inversion principles for erasure

Lemma 18 (Erasure inversion)
1. f I'tx A:TIxB.K thendc. A~ =c™.
2. Ifry > 75 =A" and 'y A:type and x# A then
dA; Ax. A=1IxA;. As.
3. Ifr—> k=K~ and x# K thendA L K =IIxA. L.

Proof. Part 1 follows by induction on the derivation. Parts
2 and 3 follow by induction on the structure AfandK re-
spectively. In the case for type applicatiohdV, clearly A
has all-kind, but by part 1A erases to a constant, contra-
dicting the assumption th& = 7y — 7,. So the case is

We can easily show that the induction hypothesis applies,
using the same technique as above, ultimately deriving
(x, A")::I' 5 Ax=Bx: K for someA’ andK. However,

we cannot complete the proof of this case in the same way
as for object extensionality, because HPQ5’s variant of LF
doesnot include a type-level extensionality rule that per-
mits us to conclude thdf -x A= B: IIx:A’. K.

There appear to be several ways to fix this problem. One
way is to just add the extensionality rule for types to the
definitional system. Using our formalization, we were able
to verify that this solves the problem and does not introduce
any new complications (for this we had to make sure that
every proof done earlier is either not affected by this addi-
tional rule or can be extended to include it).

A second solution, suggested by Harper (private commu-
nication), is to observe that the original algorithmic sile
were unnecessarily general. In the absence of type-level
A-abstraction, the weaker, syntax-directed type equicaen
rules shown in Fig. 4 suffice. In this solution, the type-leve
logical relation needs to be changed to

AI—EA:BG[[K,]]: AFxAsB:k.

The first two solutions however establish soundness only
for a variant of the original definitions. Neither tells us
whether theoriginal equivalence algorithm is sound with

vacuous. The remaining cases of part 2 are straightforwardyespect to theoriginal definitional system in HP05. We

as are the cases for part 3. O

Using Lem. 18, we can complete the proof of the first
part of Thm. 2 as described in HPO5:

Lemma 19 (Soundness of algorithmic object equivalence)
1.f I''txyM&N:A- and I'FxyM:A and

I'FgyN:Athen'Fx M =N:A

If I''FxsM<N:7 and I'FxyM:A and

I'FyN:BthenI''Fx M =N:AAT Fy A
=B:typeAA"=7AB” =1.

2.

Second problem The second difficulty is more serious.
The difficulty arises in the proof of soundness for the exten-
sionality rule in the algorithmic type equivalence judgren
(part 3 of Thm. 2). In this case, we have a derivation of the
form:

(X, )" Fx Ax&Bx:k xX# (X, 17, A B)
I' FxAeB: 7>k

found a third solution for the problem, in which we were
able to “patch” the proof of HPO5 in order to establish
soundness for the original definitions. This involves show-
ing that the original type equivalence judgments imply weak
type equivalence and that weak type equivalence is sound
with respect to definitional equivalence.

To show that algorithmic and structural type equivalence
imply weak type equivalence, we need to show that weak
type equivalence admits extensionality (Lem. 24 below).
This is nontrivial. To establish extensionality for wealkgy
equivalence, we first need to develop some syntactic proper-
ties of algorithmic equivalence for objects, in particulzat
if Aty x< x:7then(x, 7) € A. This requires several
auxiliary definitions and lemmas. We say that an objégt
is anapplied variabléf it is of the form

MOCZ:X|MOX

that is, it is a variable applied to a sequence of variables.
Clearly, applied variables are weak head normal forms:



Lemma20. If Mg is an applied variable then yiis in weak Lemma 25. Supposé A sctx. Then
head normal form. 1. fAFxAsB:kthenAFs A=B: k.

. ) 2. fAFx A B:skthenAFxs A=B: k.
We then introduce a weak well-formedness relation y A w o w

A kg My : 7 for applied variables, defined as follows: Proof. By induction on the structure of derivations. The
case for the algorithmic type extensionality rule requires
(X,T)GA A"()M()CTl—)TQ (y,Tl)EA Lem. 24. 0
Al_()XZT Al_()MOy:TQ

The proof of Thm. 2 is completed as follows.

It is easy to show that thad, satisfies strengthening: )
Lemma 26 (Soundness of weak type equivalencelf 1"~

Lemma 21. If (y,7')::A ko Mp:7 and y# M, then A FyA=B:xkandl'Fyx A:KandI' ks B:Lthenl Fy

Fo Mo : 7. A=B:K,I'FxK=L:kind, K- =kand L™ =k.

Lemma 22. Suppose M is an applied variable and  proof. Similar to the proof of soundness of algorithmic and

= A sctx. structural type equivalence from HPO5. Requires soundness
1. f Abx Mo e Mo :7thenA g Mg : 7. of object equivalence (Lem. 19). O

2. |fA|_2M0(—>M0:TthenA|_0 Mg : 7.
. o . Lemma 27 (Soundness of algorithmic type equivalence)
Proof. Induction on derivations. Lem. 20 is neededtoshow 1 ¢ /- FrAsB:K-andl'Fx A:Kandl' k5 B: K

that the cases involving weak head reduction are vacuous.  tpanr o A=B:K.
The only other interesting case is the case for an extension- 5 ¢ - Fy Ao B:kandl'Fx A:KandI'Fx B:L

ality rule thenI'Fx A=B:K, I'Fx K =L:kind, K- = x and
(X, 71):=A Fx Mo Xx& Mo X: 7o X# (X, A, Mg, M) L™ ==
AFsMyg& Mg:71 =72 Proof. Immediate using Lem. 25 and 26. O
By induction, we have thai, 71)::A g Mg X : 72. By Lemma 28 (Soundness of algorithmic kind equiva-
inversion, we can show th@x, 71)::A ¢ Mg : 71 — 7. lence) If I' Fx K & L:kind™ and I' 5 K : kind and
To complete the proof, we use Lem. 21 to show that 'ty L:kind thenI'+5x K =L : kind.
My : 71 = 79, which follows sincex # M. O

Proof. As in HPO5, using Lem. 27 as necessary. O

Corollary 2. If AFx x< x:7 and F A sctx then(x, ) ) )
cA. Thm. 2 follows immediately from Lem. 19, 27 and 28.

We also need to establish strengthening for weak algorith-3.4. Additional properties
mic type equivalence:

Lemma 23 (Strengthening of weak type equivalencéy After the soundness and completeness proof, HPO5 intro-

A'@[(x, 7)]@A Fss A=B: % and x# (A', A, B) then duces an algorithmic version of the typechecking judgment,
A'@A ,’_E A—B-f. T proves additional syntactic properties, sketches probfs o

decidability, and discusses quasicanonical forms and ade-
Proof. Straightforward induction on derivations. Note that quacy of LF encodings of object languages.
we need Lem. 10 here for strengthening of algorithmic ob-

ject equivalence subderivations. 0 Algorithmic typechecking The typechecking algorithm

in HPO5 omitted explicit definitions of algorithmic signa-
ture and context validity. In our formalization, we added
these (obvious) rules, as shown in Fig. 5. The remaining
Lemma 24 (Extensionality of weak type equivalence) rules are the same as in HPO5 except for a trivial typo-
If (x,7):AFxAXx=Bx:x and x# (X, A, A, B) and graphical error in the rule for type constants. Proving the
F Asctx thenAFy A=B: 17— k. soundness and completeness of algorithmic typechecking is
a (mostly) straightforward induction:

We now establish the admissibility of extensionality for
weak type equivalence:

Proof. By inversion, we have subderivatiofig 7)::A 5

A=B:7'= kand(x 7):A Fyx Xx& x: 7'forsomer’  Theorem 7 (Soundness of algorithmic typechecking)
Using Cor. 2 on the second subderivation we have that 1. If - ¥ = sig then ¥ sig.

7'y € (%, 7)::A and using the validity ofx, 7)::A we know 2. If by, I' = ctx thenkx I ctx
that™ = 7'. Hence,(x, 7):A Fx A= B: 7 — k. Using 3. fI'FsM=Athen'FxM:A.
Lem. 23 we concludA Fx A=B: 7 — k. O 4. If I'Fx A=K thenI'Fx A: K.



FY=sig [FxA=>type c# XY

FXY=sig [[FxK=kind a# ¥

F (a, K):: X = sig

FxI'=ctx I'Fx A=type x# I

FY=si
g F [ = sig F(c, A): X = sig
F XY = sig
Fx I' = ctx
Fs[] = ctx

Fx (x, A):=I = ctx

FeI'=ctx (X, A)e’ I'tsA =type (X, A)=l"FsMy=A X# ([',A)

'ty M=A
I'Fyx=A

I'Fs AXAL. Mo = TIXA;. Ao

FsI'=cx (GAEY TFsM =TxA A T'FsMo=Ay T Fs A A i typee x#T

I'kFxc=A

I'Fs A=K

'y M1 Mo :>A1[X:=M2]

FsI=cx (K€Y TFxA=IIxA' Ky T'FsM=A I FsA oA type x# T

I'Fxa=K

I'ks AM = Ki[x:=M]

I'ts Al =>type (XAl Fxs Ay = type x# (I, A1)

- Fy I' = ctx
I'+5 K = kind

I IIx:A;. A :>type
I'ts A=type (X, A):I'Fx K=kind x# (I',A)

I' x5 type= kind

I' x5 IIx:A. K = kind

Figure 5. Algorithmic typechecking rules

5. If I'+5x K= kind thenI" 5 K : kind.

Theorem 8 (Completeness of algorithmic typechecking)
1. If - X sig thent X' = sig.
2. If b5 I' ctx thenkx I' = ctx.
3. fI'-xM:Athen3dA " I'Fx M=>A'ATFx A=
A':type
f 'ty A:KthendK . I'tx A= K'AT'Fx K=
K’ kind.
If I' 5 K:kind thenI" Fx K = kind.

4,

5.

Strengthening and strong extensionality We omit de-

Decidability HPO5 also sketches proofs of the decidabil-
ity of the algorithmic judgments (and hence also the def-
initional system). Reasoning about decidability within Is
abelle/HOL is not straightforward because Isabelle/HOL is
based on classical logic. Thus, unlike Coq or other con-
structive systems, we cannot prove decidabilityPogim-
ply by constructively provindg v — P. Isabelle/HOL does
have some support for extracting code from proofs that
avoid non-constructive features, but code extraction cur-
rently does not work on proofs about nominal datatypes.
We write M| to indicate thatM is strongly weak head
normalizing. As a sanity check, we have shown that well-

tailed proofs and discussion of these results which can beformed terms are strongly weak head normalizing.

found in [19]. The strengthening property states that all of

the definitional judgments are preserved by removing an un-

used variable from the context.

Theorem 9 (Strengthening)LetI" = I'> @[(x, B)| @1I;.
1. If by I'ctxand x# I's thenkx, I'y @17 CiX.
2. f 'ty M: Aand x# (I'2, M, A) then[ ', @I, Fx
M:A.
. fI'txy M=N:Aandx# (I'2,M,N, A) thenI'>- @
I'iFxsM=N:A.
Similarly for kinds and type families.

HPO5 also sketched a proof ofstrong extensionality
rule requiring fewer typechecking hypotheses. We were
also able to verify this, but the proof is not as straightfor-
ward as in the article; the first line of the proof appeals to
“without loss of generality” reasoning about inversion and
renaming principles which was nontrivial to formalize.

Theorem 10 (Strong Extensionality)
If (X, A1)=I"FxMx=Nx:Ay and x# (M, N) then I
FxM=N:IIxA;. As.

Theorem 11. If I'Fx M : A then MJ.

Proof. We first show the (standard) property thaMfN{}
thenM{}. We then show that ifA - M < N : 7 then
MJ} by induction on derivations. The main result follows
by reflexivity and Thm. 1. O

We have also formalized what we believe is the essence
of the decidability proof using the following methodology.
For each propertfr we wish to prove decidable, possibly
under condition$:

1. Inductively define a “complement” relatidl.
Observe (informally) tha® andR’ are recursively enu-
merable.

Prove that (RA R').

Prove thaP impliesRV R'.

HenceR is decidable (assumirg) since it is both r.e.
and co-r.e.

We have introduced inductively defined complements for
the algorithmic equivalence and typechecking judgments
and verified parts 3 and 4 above for each of them. We have

N
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not verified steps 2 or 5. We call a formujaasidecidable = Nominal Datatype Package and expert Isabelle/HOL user
if both it and its negation are equivalent to an inductively and the other had less than three months’ prior experience
defined relation, as described above. We were able to provewith either. We estimate that the total effort involved was a
the following lemma analogous to HP05’s Lemma 6.1 most three person-months. Although there is still plenty of
room for improvement in both Isabelle/HOL and the Nom-
inal Datatype Package, our experience suggests that these
tools can now be used to perform significant formalizations
within reasonable time-frames, at least by expert users.

It took approximately six person-weeks to formalize
everything up to the soundness proof (including ponder-
ing why the omitted case did not go through). However,
once Harper and Pfenning confirmed that this case was in-
deed not handled correctly in their proof, one of the au-
thors was able to check within 2 hours that adding a type-
extensionality rule solves the problem. Re-checking the
proof on paper would have meant reviewing approximately

We were also able to prove that the algorithmic judg- 31 pages of proofs. Since then we found another solution
ments are quasidecidable, which is the key step in HPO5'sfor the problem and checked the validity of a solution sug-
Theorem 6.5. Proving exclusivity required establishing gested by Harper. As a practical matter, the ability to rigpid

Theorem 12 (Quasidecidability of alg. equiv.)

1L fAFsMe M :7andA Fxs N& N’ :7thenA
Fs» M < N: 7is quasidecidable.

2. AFxs M M g andA Fx N < N': 75 then
d7r3. AFx M < N: 73 is quasidecidable.

B fAFsAesA:kandA s B& B': kthenA k5
A& B: kis quasidecidable.

4. f AFx A Ak andA 5 B« B': ky thend ks.
A Fs A+ B: k3 is quasidecidable.

5 fAFx Ke K':kind~andA Fx L & L' : kind~™
thenA Fx K & L : kind™ is quasidecidable.

uniqueness of algorithmic typechecking. evaluate the effects of changes to the system was essential

Lemma 29 (Uniqueness of algorithmic typing) for fin(.jin.g these solluti(.)ns and. evaluating other possibdit
1. fTFxyM=Aandl k5 M= A’ then A=A’ In a similar formahzgﬂon project, the fII’SF au.thor showepl
2. f'FyA=KandI'Fy A= K’ then K=K, thatacentra_\l lemma in the informal proof in his PhD-thesis

L o ) can be repaired [17].

Theorem 13 (Quasidecidability of algorithmic typing) Our formalization using nominal datatypes follows that
1. ForanyX, - X = sig is quasidecidable. _ given in HPO5 very closely—more closely, we believe, than
2. ForanyX,I', if - X' = sig holds ther-y: I' = ctxis has been demonstrated by any other currently available

quasidecidable. technique. As illustration of this point, we have prepared
3. ForanyX.I',M, if -5 I" = ctx holds them A. I" - »; this paper using Isabelle’s documentation facilities [12]

M = Alis quasidecidable. Most lemmas, theorems, and definitions have been gen-
4. ForanyX,IA, if -5, I' = ctx holds therd K. I' b erated directly from the formalization (the main excep-

A= Kis quasidecidable. tions are the quasidecidability properties, which are para
5. ForanyX.I', if Fy I' = ctx holds then" -y K = phrased).

kind is quasidecidable. In Table 1, we report some simple metrics about our for-

Although we believe that this approach provides greater malization such as the sizes, number of lines of code, and
confidence in the decidability results compared to the proof 'umber of lemmas in each theory in the main formaliza-
sketches in HPO5, these quasidecidability results leawmro  tion. As Table 1 shows, the cote~ theory accounts for
for improvement. However, reasoning about decidability in @bout 25% of the development. These syntactic proper-
Isabelle/HOL seems to be an open problem in general, soties are mostly straightforward, and their proofs merityonl

we leave the question of fully formalizing the decidability cursory discussion in HPOS5, but some lemmas have many
of LF’s algorithmic judgments to future work. cases which must all be handled. Tbeci dability

theory accounts for another 25%; much of this is due to

Quasicanonical forms The last section of HPO5 dis- the quasidecidability proofs. The remaining theories ac-
cusses the existence and propertiesuasicanonical forms ~ count for at most 5-10% of the formalisation each; the
which can be used to prove adequacy theorems about lanY€2kAl gori t hmtheory defines the weak algorithmic
guages encoded in LF, as illustrated by a small example.€duivalence judgment and proves the properties needed for
We have also formalized and verified this section. The full the third solution, and accounts for only around 2% of the

details are omitted but can be found in [19]. total development. ,
The merit of metrics such as proof size or number of

lemmas is debatable. We have not attempted to distinguish
between “meaningful” lines of proof vs. blank or comment
lines; nor have we distinguished between significant and
trivial lemmas. Nevertheless, this information should at

4 Discussion

Methodological observations The formalization was
performed by two of the authors; one is a developer of the
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Table 1. Summary of the formalization

Theory Description Size (bytes)| Lines | Lemmas
LF Syntax and definitional judgments of LF 126,676 | 2,726 103
Erasure Simple types and kinds, erasure 10,073 312 22
Pai r Ordering Pair ordering used for transitivity 962 29 3
Al gorithm Algorithmic equivalence judgments and properties 45,116 956 42
Logi cal Rel ati on | Logical relation, completeness proof 50,781 770 21
WeakAl gorithm Weak algorithmic typechecking 8,866 208 7
Soundness Subject reduction, soundness proofs 30,551 564 8
Deci dability Algorithmic typechecking, strengthening, quasidecitigbi 143,673 | 2,896 69
Canoni cal Quasicanonical forms, adequacy example 48,823 | 1,115 a7
Total 465,521 | 9,576 322

least convey an idea of threlative effort involved in each ~ handle fresh names. Using their methodology to formalize
part of the proof. the results in this paper would provide a useful comparison
of these approaches, particularly concerning decidgbilit

Algorithms for equivalence and canonicalisation for de-
pendent type theories have been studied by several au-
thors. Prior work on equivalence checking for LF has
focused on first checking well-formedness using erased
types, therB- or fn-normalizing; these approaches are dis-
cussed in detail in [8]. Coquand’s algorithm [3] is similar
to Harper and Pfenning’s but operates on untyped terms.
Goguen’s approach [5] involves firgtexpanding and then
B-normalizing, and relies on standard (nontrivial) projesrt
such as strong normalization @freduction and strengthen-
ing. It may be interesting to verify these algorithms.

Correctness of the representation The facilities for
defining and reasoning about languages with binding pro-
vided by the Nominal Datatype Package are convenient,
but may appear strange to readers unfamiliar with nominal
logic and abstract syntax. Thus, a skeptical reader might as
whether our definitions and reasoning principles are really
correct that is, whether they are equivalent to the defini-
tions in HPO5, as formalized using some conventional ap-
proach to binding syntax. For higher-order abstract syntax
representations, this property is often calssbquacythis

term appears to have been coined in the context of LF [6]. We chose to formalize Harper and Pfenning’s article [8]

Adequacy is also important for nominal techniques and o .
deserves further study. For the purposes of this paper, how€cause it is the most recent and most detailed development

: o \ . we could find. Moreover, their work seems more exten-
ever, we view our formalization of LF’'s syntax and infer- . . . .
. . . o sible. Another reason is that the quality standards in the
ence rules using nominal datatypes asaaiomatization

and leave the question of its correctness or adequacy for fu—lé::a'ﬁ O';?S;‘;:éty :re SIO ff(ljlrgg),(;hrﬁt f;e?cr;lge\l:':mz? :’g:lr(u':é’?:
ture work. Norrish and Vestergaard [13] have formalized . y - APDEL, P'e,

isomorphisms between several variants of Mealculus, |mplemen_tat|on of a type-checker for LF presented in [1],
. . ) . : . because first the code is very small and second the theoret-
including a nominal representation. We believe extending

their approach to the syntax of LF would be routine, if te- ical underpinnings have been studied thoroughly by Harper
dious ' and Pfenning. For such “follow-up” work it is crucial that

we were able to formalize the soundness and completeness
results in HPOS.

5 Reated and Future Work Our formalization provides a foundation for several pos-
sible future investigations. We are interested in extend-

McKinna and Pollack’s LEGO formalization of Pure Type ing our formalization to include verifying Twelf-style neet
Systems [9] is probably the most extensive formalization reasoning about LF specifications, following Harper and Li-
of a dependent type theory in a theorem prover. Their cata’s detailed informal development [7]. Doing so could
formalization considered primarily syntactic propertafs ~ Make it possible to extract Isabelle/HOL theorems from
pure type systems with-equivalence, including a proof of Twelf proofs. It would also be interesting to extend our for-
strengthening. Pollack [15] subsequently verified theiplart ~Malization to accommodate extensions to LF involving (or-
correctness of typechecking algorithms for certain cksse dered) linear logic, concurrency, proof-irrelevance, ior s
of Pure Type Systems including LF. gleton kinds, as discussed in [8, Sec. 8]. We hope that any-
Aydemir et al. [2] have developed a methodology for for- ©ne who proposes an extension to LF will be able to use our
malizing metatheory in Coq based on using de Bruijn in- formalization as a starting point for verifying its metathe
dices to manage binding, and using cofinite quantification to Ory-
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6 Conclusions

LF is an extremely convenient tool for defining logics and

[2] B. Aydemir, A. Charguéraud, B. C. Pierce, R. Pollackdan

S. Weirich. Engineering formal metatheory. ROPL, pages
3-15. ACM, 2008.

other calculi. It has many compelling applications and un- [3] T. Coguand. An algorithm for testing conversion in type+

derlies the system Twelf, which has a proven record in for-
malizing many programming language calculi. Hence, it is

of intrinsic interest to verify key properties of LF's mdtat

ory, such as the correctness and decidability of the type-
checking algorithms. We have done so, using the Nomi-
nal Datatype Package for Isabelle/HOL. The infrastructure
provided by this package allowed us to follow the proof of

Harper and Pfenning closely.

For our formalization we had the advantage of work-
ing from Harper and Pfenning’s carefully-written informal
proof, which stood up to the rigors of mechanical formaliza-
tion rather well. Still we found in this informal proof one
gap and a few minor complications. We have shown that 8
they can be repaired. We have also partially verified the de-
cidability of the equivalence and typechecking algorithms
although some work remains to formally prove decidabil-
ity per se. Formalizing decidability proofs of any kind in
Isabelle/HOL appears to be an open problem, so we leave

this for future work.

While verifying correctness of proofs is a central motiva-

tion for doing formalizations, it imotthe only one. There is

a second important benefit—they can be used to experimen
with changes to the system. By “replaying” a modified for-
malization in a theorem prover one can immediately focus
on places where the proof fails. This ability was essential i

fixing the soundness proof.

Our formalization is not an end in itself but also pro-
vides a foundation for further study in several directions. [13
Researchers using LF may find it useful for checking the
adequacy of their LF encodings. Researchers developin
extensions to LF based on Harper and Pfenning’s algorithm
may find our formalization useful as a starting point for
verifying the metatheory of such extensions. More ambi-
tiously, we contemplate formalizing the meaning and cor- [15]

rectness of Twelf's metatheoretic reasoning facilitiesde

Isabelle/HOL, and extracting Isabelle/HOL theorems from

Twelf proofs.
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